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Abstrat
The linear hiral SU(3)L × SU(3)R model is applied to desribe
properties of the ompat star matter inside the quark, protoneutron
and neutron star.
1 Introdution
In this presentation we shall investigate the astrophysial properties of the
ompat stars (protoneutron, neutron and quark stars [1℄) within the Rela-
tivisti Mean Field (RMF) [2℄ theory originated from the linear SU(3) sigma
model [3, 4, 5℄.
The main aim of this work is to show how an eetive mean eld ap-
proximation (RMF) emerges from the linear SU(3) hiral model and to show
omparison to the urrent RMF approah (Furnstahl - Serot - Tang (FST)
model [6℄) as well as to present astrophysial appliations in the form of the
neutron star model. The eetive model whih inludes salar, vetor and
salar-vetor interation terms is applied to desribe properties of the quark,
protoneutron and neutron star matter.
2 The SU(3) sigma model
The hiral SU(3) model was proposed by Papazoglou et al. [3, 4℄. In the
original form it desribes interation of the baryons and mesons SU(3) mul-
tiplets. Reently, a hiral SU(3) quark model has been proposed by Wang
1
et al [7℄. The basi elds that ompose the theory represent the realization
of the group SU(3)L × SU(3)R. The meson ontent of the model is salar,
pseudo-salar and vetor. Naive quark models interpret them as exited qq
states. Salar and pseudo-salar mesons an be grouped into
Φ = Σ + iΠ =
1√
2
Taφa =
1√
2
Ta(σa + iπa) (1)
where σa and πa are members of the salar and pseudo-salar otet respe-
tively:
Σ =
1√
2
σaλa =


1√
2
(f0 + a
0
0), a
+
0 , K
+
a−0 ,
1√
2
(f0 − a00), K0
K−, K¯0, f ′0

 (2)
Π =
1√
2
πaλa =


1√
2
(π0 + η8) π+ κ+
π− 1√
2
(−π0 + η8) κ0
κ− κ0 ζ

 . (3)
The vetor meson otet is given by
V =
1√
2
vaλa =


1√
2
(ω + ρ00), ρ
+
0 , K
∗+
ρ−0 ,
1√
2
(ω − ρ00), K∗0
K∗−, K∗0, φ

 . (4)
The most general form of the Lagrangian funtion an be written as a sum
of the following parts
L = LM + LF + Lsb (5)
where
LM = 1
2
Tr(∂µΦ∂
µΦ)− 1
2
µ2Tr(Φ2)− λ
4
Tr((Φ+Φ)2)− κ
4
Tr(Φ+Φ)2 (6)
is the Lagrangian funtion whih desribes salar and pseudo-salar mesons
Φ (Φ = Σ + iΠ). The symmetry breaking term Lsb has the form of:
Lsb = 1
2
c(Det(Φ) +Det(Φ)∗) + Tr(H+Φ + Φ+H). (7)
In the mean eld approximation the hiral symmetry is broken and the meson
elds gain non-vanishing vauum expetation values (σ, χ)
< Φ >=< Σ >=


1√
2
σ, 0, 0
a−0 ,
1√
2
σ, 0
0, 0, χ

 .
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Figure 1: The eetive potential Ueff(σ, χ) in the SU(3) sigma model.
The eetive potential Ueff(σ, χ) = − < L > (Fig. 1) determines the sale
of the hiral symmetry breaking. Shifting the meson eld Φ = Φ¯+ < Φ>
(f0 = f¯0 + σ, f
′
0 = f¯
′
0+ χ) and diagonalizing the square mass matris m
2
a,b =
∂2Ueff
∂σ¯a∂σ¯b
produe the physial meson elds
{
ϕ
ϕ∗
}
=
(
cosϑ sinϑ
−sinϑ cosϑ
){
f0
f ′0
}
. (8)
Fitting the model to the observed masses of mesons allows to determine its
parameters (similar to the ase [8℄ of the expliit hiral symmetry breaking
with U(1)A anomaly). It gives µ = 552.274MeV , λ = 45.11, κ = −8.917 and
c = 3412.25. This tting gives meson masses (e.g. π, K, ϕ, ϕ∗, δ = a0, et.)
inluding sigma meson mass mσ = 502.27MeV . The only unlear thing is
the sigma meson mass. The light salar meson σ (denoted here as ϕ) is an
elusive subjet of lassiation.
The fermion ontents of the model onsists of either quarks or baryons,
respetively (QMF or RMF model).
The hiral SU(3) quark mean eld model has been applied to desribe
the quark matter or nuleon matter. In the hiral limit, the quark eld
q = {u, d, s} with three avors, an be deomposed into left and right-handed
3
parts q = qL + qR. The quarks are desribed by the Lagrange funtion
LF = iq¯γµDµq − q¯m0q + gsq¯Φq − χc(r)q¯q
where χc(r) is quarks onning potential. Solving the Dira equation for
quark in onning potential the baryon masses an be alulated
Meff,N (ϕ, ϕ∗) = MN − gσ(ϕ)ϕ− gσ∗ϕ∗ =MN − gσ ϕ+ 1
2
gσC
′(0)ϕ2 + ...
with gσ(ϕ) = gσ− 12gσC ′(0)ϕ = gσ− 12aϕ. The last nonlinear term indiates
the inner nuleon struture.
3 The eetive RMF approah
The nulear relativisti mean eld approah desribes the nulear interations
due to the mesons exhange between baryons (p, n, Λ, Σ, Ξ). Baryons are
grouped into the isospin and hiperharge representations (1
2
, 1), (1
2
,−1), (1, 0)
Λ, N =
(
p
n
)
, Ξ =
(
Ξ0
Ξ−
)
, Σ =


Σ+
Σ0
Σ−

 . (9)
The RMF Lagrange funtions
LRMF = LB + LM (10)
desribes baryons (B = {b, n,Λ,Σ,Ξ})
LB =
∑
B
iψBγ
µDµψB −
∑
B
MB(ϕ, ϕ∗)ψBψB (11)
and mesons
LM = LMs + LMv. (12)
Mesons an be divided into salar mesons (ϕ, ϕ∗, δ) desribed by LMs and
vetor mesons (ω, ρ, φ) desribed by LMv .
LMs = 12∂µϕ∂µϕ+ 12∂µδa∂µδa ++
1
2
∂µϕ∗∂µϕ∗ − US,eff(ϕ, ϕ∗, δ), (13)
4
-0,1 -0,05 0 0,05
φ
0
0,0005
0,001
0,0015
U
0 
(φ 
)
TM1
GM3
FST
SU(3)
Figure 2: The potential U0 for the salar meson ϕ of the eetive RMF
theory.
LMw = −14ΩµνΩµν + 12m2ωωµωµ − 14RaµνRaµν + 12m2ρρaµρaµ
−1
4
ΦµνΦ
µν + 1
2
m2φφµφ
µ + UV,eff(ω, ρ) (14)
where
Ωµν = ∂µων − ∂νωµ , Φµν = ∂µφν − ∂νφµ (15)
Rµν = R
a
µνT
a = ∂µRν − ∂νRµ − igρ[Rµ, Rν ]. (16)
The salar meson interation is enormously nonlinear. It omes from the
shifting in the potential Ueff (σ, χ) aording to the presription (eq. 8). In
the simplest approximation this proedure generates the polynomial salar
interation (Fig. 2) of the RMF approah
U0(ϕ) = Ueff (σ0 + ϕ, χ0) = Ueff (ϕ, 0) =
1
2
m2σϕ
2 +
1
3
g2ϕ
3 +
1
4
g3ϕ
4
(17)
The form of the potential funtion was rst introdued by Boguta and
Bodmer [9℄ in order to get the orret value of the ompressibility K of nu-
lear matter at saturation density (see Table 1). The simplest Waleka model
(L2) (linear Waleka model g2 = g3 = 0) brings a very large, unrealisti value
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Figure 3: The eetive nuleon masses for dierent parameter sets as a fun-
tion of the nuleon Fermi momentum kF .
Parameter GM3[10℄ TM1[11℄ FST[6℄ SU(3)
E0 (MeV) -16.35 -16.26 -16.38 -16.31
δ0 0.793 0.659 0.661 0.761
n0 (fm
−3) 0.153 0.145 0.155 0.145
K (MeV) 241.12 281.53 219.5 194.9
J (MeV) 32.44 36.82 38.17 34.70
Table 1: Properties of the nulear matter at saturation for the symmetri
nulear matter.
of the parameter K [2℄. Fig. 3 depits the eetive nuleon masses obtained
for dierent parameter sets funtions of baryon number density nB. The pa-
rameters desribing the nuleon-nuleon interations in the RMF approah
are hosen in order to reprodue the properties of the symmetri nulear
matter at saturation suh as the binding energy, symmetry energy and in-
ompressibility. In the hiral SU(3) model they are generally alulable from
the starting ones (µ2, λ, κ) whih are tted to the mesons spetrosopy. The
appropriate parameter set is onstrained not only by the value of physial
salar meson masses but also by the properties of nulear matter at satura-
tion. For symmetri nulear matter the nuleon density equals n0 = 2.5 10
14
g cm−3 = 0.15nucleons/fm3 = 140 MeV fm−3. The obtained results are
olleted in Table 1.
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Figure 4: The nulear matter equation of state for dierent parameter sets.
4 The ompat star in the SU(3) sigma model
The ompat star is a result of the equilibrium between gravitational ol-
lapse and the pressure generated by the nulear or quark matter and leptons
[12, 13℄. With respet to the eletroweak interation the matter is in β equi-
librium. In the neutron star weak interations are responsible for β deay
n+ νe ↔ p+ e, (18)
µ+ νe ↔ e+ νµ. (19)
These reations produe appropriate relation among the hemial potentials
of neutrinos in a protoneutron star where they are trapped
µp = µn + µνe − µe (20)
µνe = µe + µp − µn (21)
µνµ = µνe − µe + µµ . (22)
4.1 The protoneutron star.
Protoneutron stars are hot and lepton rih objets formed as a result of type
II supernovae explosion.The ollapse of an iron ore of a massive star leads to
the formation of a ore residue whih is onsidered as an intermediate stage
before the formation of a old, ompat neutron star. This intermediate stage
7
whih is alled a protoneutron star an be desribed [19, 20, 21, 22℄ as a hot,
neutrino opaque ore, surrounded by a older neutrino transparent outer en-
velope. The evolution of a nasent neutron star an be desribed by a series
of separate phases starting from the moment when the star beomes gravita-
tionally deoupled from the expanding ejets. In this paper two evolutionary
phases whih an be haraterized by the following assumptions:
• the low entropy ore s/nB = 1−2 (in units of the Boltzmann's onstant)
with trapped neutrinos YL = 0.4
• the old, deleptonized ore (YL = 0, s/nB = 0).
have been onsidered. These two distint stages are separated by the period
of deleptonization. During this epoh the neutrino fration dereases from
the nonzero initial value (Yν 6= 0) whih is established by the requirement
of the xed total lepton number at Yl = 0.4, to the nal one haraterized
by Yν = 0. Evolution of a protoneutron star whih proeeds by neutrino
emission auses that the star hanges itself from a hot, bloated objet to a
old, ompat neutron star.
The interior of this very early stage of a protoneutron star is an environment
in whih matter with the value of entropy of the order of 2 with trapped
neutrinos produes a pressure to oppose gravitational ollapse. The lepton
omposition of matter is speied by the xed lepton number YL = 0.4. Con-
ditions that are indispensable for the unique determination of the equilibrium
omposition of a protoneutron star matter arise from the requirement of β
equilibrium, harge neutrality and baryon and lepton number onservation.
The later one is stritly onneted with the assumption that the net neutrino
fration Yν 6= 0 and therefore the neutrino hemial potential µν 6= 0. When
the eletron hemial potential µe reahes the value equal to the muon mass,
muons start to appear.
In a protoneutron star, when the neutrino is trapped, its hemial poten-
tial strongly depends on nulear asymmetry
µνe = µe − µA, (23)
µA = µn − µp = εn − εp − gρr0 (24)
ǫp,n =
√
k2F,B +M
2
B,eff |B=n,p. (25)
8
where r0 =< ρ
3
0 > is the expeted value for the ρ meson in medium. If νµ
are able to esape from the protoneutron star and µe not, the muon hemial
potential
µµ = µA
depends on the nulear asymmetry. In onlusion, the protoneutron star
with the biggest neutrino number is in the nulear symmetri phase, when
µA = 0, so µνe = µe and muons are absent µµ = 0. The neutrinos as fermions
inrease the star pressure and make the star with a large radius (∼ 20−50 km
, Fig. 5). It is interesting that the outer layers when density drops below
∼ 1014 g/cm3 and nulear interation vanishes the weak interations with β
deay still takes plae as long as neutrinos are trapped. The outer layers
of the protoneutron star has mainly the eletroweak nature. The star ore
is similar to the symmetri hot nulear matter. The entropy per baryon
s/nB = 1 gives temperature (∼ 40− 80 MeV ) inside the star.
4.2 The neutron star.
When neutrinos esape at last (µνe = 0), the new equilibrium have to take
plae at least in the neutron star ase. Neutrinos are now negleted here
sine they leak out from the neutron star, whose energy diminishes at the
same time. The pressure derease redues the star radius till ∼ 10 − 14 km
and inreases the star density to ∼ 1014 − 1015 g/cm3, the nulear intera-
tions beame more ruial. The equilibrium onditions with respet to the β
deay between baryoni (inluding hyperons) and leptoni speies lead to the
following relations among their hemial potentials and onstrain the speies
fration in the star interior
µp = µΣ+ = µn − µe µΛ = µΣ0 = µΞ0 = µn (26)
µΣ− = µΞ− = µn + µe µµ = µe (27)
The higher the density the greater number of hyperon speies are expeted
to appear. They an be formed both in leptoni and baryoni proesses. In
the latter one the strong interation proess suh as
n+ n→ n + Λ (28)
proeeds. There are other relevant strong reations that establish the hadron
population in neutron star matter e.g.:
Λ + n→ Σ− + p Λ + Λ→ Ξ− + p (29)
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Figure 5: The mass radius relation for various quark and neutron stars.
The nal result is the equation of the state (Fig. 4). All these, lead to the
neutron star model with the value of maximum mass lose to 1.5 M⊙ with
the redued value of proton fration and very ompat hyperon ore. The
FST equqtion of state gives more massive neutron star ∼ 1.7 − 1.8 M⊙.
4.3 The quark star.
Quark strange stars are astrophysial ompat objets whih are entirely
made of deonned u,d,s quark matter (strange matter) staying in β - equi-
librium. The possible existene of strange stars is a diret onsequene of the
onjeture that strange matter may be the absolute ground state of strongly
interating matter.
Some years ago Guihon proposed an interesting model onerning the
hange of the nuleon properties in nulear matter (quark-meson oupling
model (QMC)) [14℄. The model onstrution mimis the relativisti mean
eld theory, where the salar σ and the vetor meson ω elds ouple not
with nuleons but diretly with quarks. The quark mass has to hange from
its bare urrent mass due to the oupling to the σ meson. More reently,
Shen and Toki [15℄ have proposed a new version of the QMC model, where
the interation takes plae between onstituent quarks and mesons. They
refer the model as the quark mean eld model (QMF). In this work we
shall also investigate the quark matter within the QMF theory motivated by
10
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parameters oming from the SU(3) hiral model The quark phase onsists
the onsistuent quarks with three avors u, d and s. Quarks as eetively
free quasipartiles in vauum with non-vanishing bag 'onstant'. Quarks and
eletrons are in β-equilibrium whih an be desribed as a relation among
their hemial potentials
µd = µu + µe = µs
where µu, µd, µs and µe stand for quarks and eletron hemial potentials
respetively. If the eletron Fermi energy is high enough (greater then the
muon mass) in the neutron star matter muons start to appear as a result of
the following reation
d→ u+ e− + νe
s→ u+ µ− + νµ
The neutron hemial potential is
µn ≡ µu + 2µd.
In a pure quark state the star should to be harge neutral. This gives us an
additional onstraint on the hemial potentials
2
3
nu − 1
3
nd − 1
3
ns − ne = 0. (30)
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where nf (f ∈ u, d, s), ne the partile densities of the quarks and the ele-
trons, respetively. The EOS an now be parameterized by only one hemial
potential, say µu. Nowadays the strange quark star is the subjet of onsid-
erable interest [16, 17, 18℄.
4.4 The Tolman - Oppenheimer - Volko equations.
The spherially symmetri stati star in general gravity is solution of the
Einstein equations
Rµν − 1
2
gµνR = κTµν
for the metri
gµν =


−eν(r) 0 0 0
0 eλ(r) 0 0
0 0 r2 0
0 0 0 r2sin2θ


where κ = 8piG
c4
and
Tµν = (P + ǫ)uµuν − Pgµν =


ǫ = c2ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P


is the energy-momentum tensor desribing an equation of state of the matter.
One of the Einstein equations gives
e−λ = 1− 2Gm(r)
r
where m(r) is the mass aumulated inside a sphere of radius, so
dm(r)
dr
= 4πr2ρ. (31)
The ontinuity equation
T µν;ν = 0⇒
dν(r)
dr
= − 2
P (r) + c2ρ(r)
dP (r)
dr
.
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The seond Einstein equation gives the Tolman -Oppenheimer-Volko equa-
tion
dP (r)
dr
= −Gm(r)ρ(r)
r2
(1 + P (r)
ρ(r)
)(1 + 4pir
3P (r)
m(r)
)
1− 2Gm(r)
r
. (32)
The obtained form of the equation of state serves as an input to the Tolman -
Oppenheimer - Volko equations and determines the struture of spherially
symmetri stars. The gravitational binding energy of a relativisti star is
dened as a dierene between its gravitational and baryon masses
Eb,g = (Mp −m(R))c2 (33)
where
Mp = 4π
∫ R
0
drr2(1− 2Gm(r)
c2r
)−
1
2ρ(r). (34)
The numerial solution of the above equation is of onsiderable relevane to
the seleted EOS. Numerial solutions of these equations allow to onstrut
the mass-radius relations of the neutron star (Fig. 5) and the gravitational
nal energy (Fig. 6).
5 Conlusions
The physis of ompat objets like neutron stars oers an intriguing inter-
play between nulear proesses and astrophysial observables. Neutron stars
exhibit onditions far from those enountered on earth. The determination
of an equation of state (EoS) for dense matter is essential for alulations of
neutron star properties. It is the equation of state that determines the har-
ateristis and properties of neutron stars suh as possible range of masses,
the mass-radius relation and the ooling rate. The astrophysial properties of
the ompat stars are strongly related to the properties of quark and nulear
matter. Its mass, radius and binding energy depend on inner physis of an
elementary partile and nuleus. The linear sigma model predits properties
of the ompat starts whih looks quite reasonable. Only the quark star
seems to look as an unphysial objet (the positive binding energy, Fig. 6).
The astronomial observation of a mass - radius relation (for example the
SAX J1808.4-3658 [23℄ ompat star) may be used to determine the nulear
equation of state. The best t to the newly measured radius and mass for
EXO 0748-675 neutron star [24℄ rather prefers (Fig. 5) more traditional FST
equation of state [6℄.
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